Abstract. Mappings from a master element to the physical mesh element, in conjunction with local metrics such as those appearing in the Target-matrix paradigm, are used to measure quality at points within an element. The approach is applied to both linear and quadratic triangular elements; this enables, for example, one to measure quality within a quadratic finite element. Quality within an element may also be measured on a set of symmetry points, leading to so-called symmetry metrics. An important issue having to do with the labeling of the element vertices is relevant to mesh quality tools such as Verdict and Mesquite. Certain quality measures like area, volume, and shape should be label-invariant, while others such as aspect ratio and orientation should not. It is shown that local metrics whose Jacobian matrix is non-constant are label-invariant only at the center of the element, while symmetry metrics can be label-invariant anywhere within the element, provided the reference element is properly restricted.
Measuring Quality Within Mesh Elements
Mesh quality is important for maintaining accuracy and efficiency of numerical simulations based on the solution of partial differential equations [6] . Mesh quality metrics are used to measure mesh quality and there is an extensive literature on the subject, particularly for finite element meshes [8] Engineers usually measure mesh quality by one of two basic approaches, depending on whether they are working with unstructured or structured meshes. The quality of an unstructured mesh is most often studied in terms of the individual elements within the mesh. Elements are most often polygons or polyhedra, with triangles, tetrahedra, quadrilaterals, hexahedra, prisms, and pyramids being the most commonly used types. A mesh element contains vertices and/or nodes, usually given in some canonical ordering. The vertices/nodes have coordinates x m ∈ R d , with d = 2, 3 and m = 0, 1, 2, ..., M , with M depending on the element type and order. The quality q ε of an element is most often defined as some continuous function of the element coordinates.
Triangular element aspect ratio, given by the formula
is an example of the first approach to measuring quality. Because the lengths in the formula depend on the coordinates of the vertices in the triangle, the element metric is a function of the vertex coordinates. The formula only applies to straight-sided (low-order) triangles.
The second approach to measuring mesh quality arises in the structured meshing community. A global mapping from a logical block U to a physical block Ω ⊂ R d is found and serves to define a discrete grid. When d = 3, the map takes the form x = x(Ξ), with Ξ = (ξ 1 , ξ 2 , ξ 3 ) ∈ U and x = (x 1 , x 2 , x 3 ) ∈ Ω. The tangents to the map, dx i /dξ j , i, j = 1, 2, 3, are used to define local mesh quality at a point within the domain. For example, for d = 2, one measures orthogonality at a point in U via the local metric x ξ1 ·x ξ2 .
Over the past decade, the author has used a third approach to measuring quality that is a hybrid of the two basic approaches [8], [9] . For each element of a mesh, let there be a map from a logical (or master) element to the physical element. Then one can measure local quality within the element using formulas based on the local tangents of the map, just as is done in the structured meshing community. Because the element map depends on the coordinates of the vertices/nodes within the element, the local quality at a point within the element also depends on these coordinates. Although the third approach uses the master element concept from the finite element method, it can be used to measure quality whether or not the mesh is intended to be used in a finite element simulation. That is, measuring quality by the third approach applies equally well to finite element, finite volume, finite difference, or even spectral element simulations, as is the case with the first approach.
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The third approach does not preclude the measurement of element quality, if desired. Let μ be a local quality metric and μ(Ξ n ), n = 1, ..., N , be the local qualities measured at N points Ξ n within the master element. Then element quality may be defined to be, for example, q ε = max n {μ(Ξ n )}, q ε = min n {μ(Ξ n )}, or the p th power-mean, p = 0, of the local qualities:
with μ > 0. The power-mean, minimum, and maximum are attractive as a means to combine the local metrics because the range of the resulting element metric is the same as the range of the local metric.
